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ABSTRACT: We have investigated the dilute solution behavior of a series of linear and star-branched 
polyethylene molecules by small-angle neutron scattering. The measurements were made in a 8 solvent 
(biphenyl-dlo) and in a good solvent (toluene-d8). An important feature of the work is a comparison of the 
present measurements with previous measurements on identical molecules in the molten state. At  the 8 
temperature the star molecules in solution are swollen compared with those in the melt. This swelling increases 
with the number of arms but is independent of arm length. For the 8 solvent, the expansion factor, defined 
as the ratio of the radius of gyration in solution to that in the melt, is consistent with a three-parameter theory 
based on the smoothed density model, in which the third parameter corresponds to ternary interactions between 
the polymer segments. The value of the third parameter calculated from the observed 8 expansions by the 
intramolecular theory is in very good agreement with that obtained with the corresponding intermolecular 
theory from second viral coefficient data for a 12-arm star measured at several temperatures on either side 
of the 8 temperature. In the good solvent both the expansion factors and the second viral coefficients are 
in satisfactory agreement with the two-parameter smoothed density model. 

Introduction 
Two distinct factors are responsible for the continuing 

interest that has been shown in star-branched polymers 
since the synthesis of the first well-characterized samples 
in 1962.' First, the star-shaped molecule is the simplest 
branched structure, and so understanding the behavior of 
model star polymers is the key to understanding all 
branched systems. Second, the local density of polymer 
segments within a branched polymer is larger than within 
a linear chain molecule of the same mass. This latter 
feature facilitates the testing of theories for intersegment 
interactions in solution, since the greater number of seg- 
mentsegment contacts exaggerates their influence upon 
the molecule as a whole. 

In a previous paper2 we presented the results of a 
small-angle neutron-scattering study of the sizes and 
conformation of a series of star-branched polymers in the 
molten state. The results were analyzed with respect to 
the Gaussian (random walk) model of polymer confor- 
mation, which has been applied to branched polymers by 
Zimm and S t~ckmayer .~  Although the Gaussian model 
scattering functions could be fitted to the small-angle 
spectra very well, the molecular radii of gyration were 
found to be larger than the predicted Gaussian radii. The 
magnitude of this swelling was found to be greatest for 
stars with many arms and low molecular mass. Here we 
report on a continuation of the neutron study in which the 
same samples were measured in dilute solution in a 8 
solvent and in a good solvent. 

The simplest solution theories describe the statistics of 
polymer chains in terms of two quantities, one related to 
the overall size of the molecule, and the other a measure 
of the effective interaction, or volume excluded, between 
two polymer segments. Such theories are known as two- 
parameter theories.* Long-range excluded volume inter- 
actions between segments on the same molecule destroy 
the Markoff nature of the chain and, in general, cause an 
expansion of the molecule with respect to the unperturbed, 
random-walk size. 
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Interactions between segments of different molecules are 
represented by the second virial coefficient, Az, whose 
magnitude indicates deviations from Van't Hoff s law for 
the osmotic pressure of ideal solutions? When the second 
virial coefficient is zero, the polymer solution almost be- 
haves ideally (higher virial coefficients are still nonzero), 
and the temperature at which this occurs is referred to as 
the 8 temperature, 8 A f .  A polymer solution at 8 A ,  is for- 
mally analogous to the state of a van der Waals gas at the 
Boyle t empera t~ re .~  

It is conventional also to make reference to two other 
definitions of the 8 temperature. The temperature at 
which a polymer in solution has the same dimensions as 
an unperturbed, random-walk chain is denoted by eo, while 
the mean-field theory of Flory and Huggins5 leads to a 8 
temperature, denoted simply by 8, defined as the highest, 
or critical, temperature at which a polymer of infinite 
molecular mass just precipitates out of solution. 8 is also 
known as the Flory temperature. Within the framework 
of two-parameter theory the three temperatures @Az, €lo, 
and 8 are coincident, but more sophisticated theories re- 
ferred to later show that this need not be the case. We 
merely note for the present that for a chain of infinite mass 
only binary interactions are important, because the ex- 
tremely low local segment density renders three-body and 
higher body interactions highly unlikely. Thus, 8 corre- 
sponds to the temperature at which repulsive and at- 
tractive interactions between two polymer segments in 
solution exactly cancel and so depends only on the type 
of monomer and solvent molecule and not on the archi- 
tecture of the polymer as a whole. 

Two-parameter theories have also been applied to 
branched polymers. A t  the 8 temperature, polymers are 
expected to exhibit unperturbed dimensions irrespective 
of branching, but when excluded volume is present it has 
been shown that a branched polymer is more swollen than 
a linear chain of the same mass under identical thermo- 
dynamic conditions. This is a consequence of the more 
compact nature of a branched molecule; there is an in- 
creased likelihood of intramolecular segment-segment in- 
teractions as compared with a linear chain of the same 
mass. 

A convenient parameter for assessing the effects of 
branching is g, defined by 

The ratio is evaluated for branched and linear polymers 
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g = ( S 2 ) b r / ( S z ) , i n  (1) 
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of equal molecular masses. Within the Gaussian model 
g is the ratio of the unperturbed squared radii and for star 
molecules is given by3 

(2) 

where f is the number of arms, or functionality, of the star. 
A number of previous scattering studies have been made 

on star polymers in dilute solution. The approach adopted 
in the majority of these experiments was to measure the 
radius of gyration and second virial coefficient in 8 and 
good solvents and to compare the results with equivalent 
measurements made on a reference series of linear chains. 
Agreement between all the experiments has not been un- 
animous, but some general trends may be identified: (i) 
A2 is not zero at  8, and in all cases it has been found that 
eA2 < 8. Special effort was made by Roovers and Bywater6 
and by Bauer et al.' to study this phenomenon. (ii) For 
small f the value of g at the 8 temperature, ge, is close to 
the Gaussian result, g,. For f L 6,  though, ge is larger than 
go, with the expansion increasing with f .  (iii) For a given 
functionality ge is molecular mass dependent, with the 
largest value at  low molecular mass. This is particularly 
noticeable in the studies of Bauer et al.' and of Huber et 
alas (iv) In good solvents g tends to be larger than go, but 
in comparison with go it appears that for large molecular 
masses g > ge and for small masses g < ge. It is clear that 
the most serious deviations from the two-parameter theory 
occur for polymers of low mass and high functionality. 
This observation suggests that structural effects around 
the branch point may be responsible for changes to the 
statistics not predicted by theory. 

Our solution investigations differ from all previous ones 
in two important ways. First, in terms of the equivalent 
Kuhn chains the molecules studied were nearly all smaller 
than the smallest molecules previously measured, so we 
are in the least understood regime, and second, we have 
already measured the same polymers in the molten state 
where excluded volume is expected to be screened 
The melt results are central to the interpretation of the 
dilute solution data, because a comparison of the confor- 
mation in dilute solution with the molten state makes it 
possible to isolate the purely solvent-dependent effects 
from the influences of nonidealities of structural origin and 
thereby enables a more reliable test of the theories of 
excluded volume than has hitherto been possible. 

Experimental Section 
Samples. The polymer samples were the same as those 

measured in the molten state.2 These consisted of four linear 
molecules, five stars with f = 3, three with f = 4, five with f = 
12, and one with f = 18. One extra linear polymer (S2E) of 
molecular mass 99 600 g mol-' was also run. 

Solvents. The 8 solvent for the neutron experiments was 
biphenyl-dlo (C12Dlo) purchased from Merck, Sharp and Dohme, 
and quoted as 99.2 at.% deuterated. The 8 temperature of linear 
polyethylene in biphenyl has been measured and 8 
values of 125 and 127.5 "C were reported. However, in view of 
the slightly branched microstructure of the saturated poly- 
butadienes of the present study (it has been reported12 that a small 
number of ethyl groups are attached to the backbone) and the 
fact that i t  was the 8 temperature in the deuterated solvent that 
was required, it was felt prudent to make an independent de- 
termination. This measurement is described below. 

The good solvent was toluene-d, (C,D,) purchased from 
Fluorochem Ltd. and quoted as 99.6 at.% deuterated. The 
polymers were found to dissolve in toluene a t  temperatures in 
the range 54-62 OC. 

8 Temperature .  The procedure used for measuring 8 was 
the phase equilibrium method of Shultz and Flory,13 which follows 
directly from the definition of 0 as the critical precipitation 
temperature for a polymer of infinite mass. 

go = (3f - 2 ) / f  
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Figure  1. Phase curves for a series of six hydrogenated poly- 
butadienes in biphenyl-hlo. The molecular masses (in g mol-') 
are 11200 (O), 14500 (V), 33300 (e) ,  55000 (A), 99600 (O), 200000 
(0). 

Flory-Huggins theory5 predicts that the phase boundary be- 
tween the single- and two-phase regions exhibits a maximum, so 
there is a critical temperature, T,, above which a polymer-solvent 
system is miscible over the whole composition range. The critical 
temperature is related to  the molecular mass by 

(3) 

x = (M/m)P 
where M and m are the molecular masses of the polymer and 
monomer, respectively, and P is the ratio of the partial molar 
volumes of the monomer and solvent molecule in solution. is 
a positive constant known as the entropy parameter. 

Phase measurements were carried out on a series of six linear 
hydrogenated polybutadienes with molecular masses from 10 OOO 
to 200000 g mol-l. The solutions were made up in 5-mL volumetric 
flasks and suspended in an oil bath. The temperature was varied 
with an electronic controller, and the precipitation temperature, 
Tp, was ascertained by heating the solution until all of the polymer 
dissolved and then slowly cooling until the solution just went 
cloudy. The temperature Td where the precipitate redissolved 
on heating was also noted. 

Figure 1 shows the measured phase curves for the solvent 
biphenyl-hlo (CI2Hlo). All the phase boundaries exhibit the 
characteristic maxima expected from the theory, and T, was taken 
as the temperature a t  the maximum. At the critical composition 
the transition was very sharp, Td - Tp being less than 0.5 OC, and 
T, could be established to 0.25 OC. Two precautionary tests were 
made with respect to  the phase measurements. First, a number 
of compositions were repeated in small flat cells (those used in 
the neutron-scattering measurements); T p  was found to be the 
same as for the volumetric flasks. Second, one solution was left 
a t  120 "C for 3 weeks and periodically checked for the phase 
behavior. Tp was found to vary by less than 0.1 OC, demonstrating 
the good stability of the polyethylene-biphenyl system. 

To measure 8 for the deuterated solvent, we shortened the 
procedure. Assuming that the critical composition for the pro- 
tonated and deuterated solvents would be the same, we prepared 
only one solution (at the critical composition) for each polymer 
sample. Since the maxima in the phase curves are quite broad, 
any shift in the critical compositions leads to only a small error 
in the measured value of T,. The solutions in biphenyl-dlo were 
made up in small, 0.5-mL flasks, and five of the six linear polymers 
were measured. 

In Figure 2 the results are plotted according to eq 3. The values 
of T,  for the deuterated solvent were consistently about 2 O C  

higher than those for the protonated solvent. This is in accord 
with similar observations on the polystyrenecyclohexane system." 
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(100,113,125,138, and 150 "C). For this series of measurements 
neutrons of wavelength 1.5 nm were used and the D17 detector 
was set back to 3.43 m. This arrangement was chosen to gain more 
information a t  the low-Q part of the spectrum. 

(iii) Good Solvent. The measurements were made a t  85 "C, 
which is well below the boiling point of toluene but sufficiently 
high so as to ensure complete solubility. Three or four concen- 
trations were prepared for each sample, with the exception of the 
three-arm stars S3B, S3C, S3D, and S3E, for which no data were 
taken. All of the good solvent spectra were taken with a 25% 
velocity selector. Monte Carlo calculations showed that the re- 
sulting resolution broadening had no significant effect upon the 
scattering. 

Measurements were also made on a sample of pure solvent, an 
empty cell, and a 1-mm-thick water sample. These runs were used 
to correct the scattering for the incoherent background and to 
obtain the coherent differential cross section in absolute units. 
The procedure followed was the same as that described by 
Ragnetti et al.16 

Data Analysis. The coherent scattering at  small Q for a dilute 
solution of flexible polymers was derived within the binary-contact 
approximation by Zimm:" 

c-'(dZ/dQ) KM$'(Q)[l - 2A&f$'(Q)] (4) 

where dZ/dQ is the coherent partial differential cross section, 
and P(Q) is the single chain scattering function normalized to unity 
a t  Q = 0. The constant K is a property of the polymer, solvent, 
and type of radiation. For neutron scattering K is given by 
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Figure 2. 
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Determination of 0 by means of eq 3 with the critical 
precipitation temperatures of the hydrogenated polybutadienes 
in biphenyl-hlo (a) and biphenyl-dlo (0). 

The straight lines in Figure 2 represent least-squares fits and yield 
the parameters 8 and * for each solvent: 
biphenyl-hlo 8 = 121.9 f 0.9 "C 

\k = 1.19 f 0.04 
8 = 124.1 f 1.2 "C 

\k = 1.19 f 0.05 
The 0 temperature in biphenyl-hlo is slightly lower than reported 
previously, but the entropy parameter is in good agreement with 
that from ref 11. 
SANS Experiments. The neutron scattering was performed 

a t  the Institut Laue-Langevin, Grenoble, on the diffractometer 
D17.16 For most of the experiments the instrument was set in 
exactly the same way as for the melt samples2 The geometry 
and 1.2-nm-wavelength neutrons transmitted by the 10% velocity 
selector provided a usable range of wavevector transfer of 0.13 
5 Q 5 0.9 nm-I. Some small changes to the basic setup were made 
for two of the experiments, and these are described later. 

The solutions were prepared in quartz disk cells, with 2-mm 
path lengths, which were then screwed into brass holders and 
inserted into the heating block as described previously. The 
temperature of the furnace could be maintained to 0.2 "C. To 
reduce the time required for the furnace to reach thermal 
equilibrium, the solutions were first heated in an identical heating 
block situated close to the diffractometer. The aluminum inserts 
holding the cells could then be transferred into the furnace with 
minimal heat loss. 

The quantities of polymer and solvent were determined by 
mass, and concentrations in g cm-3 were calculated from the 
temperature-dependent densities of the solvents, which were 
measured to be 
biphenyl-hlo 

d T ) / g  cm-3 = 

toluene-h, 

d n / g  cm-3 = 

All the concentrations were in the range 0.001 < c < 0.02 g ~ 1 1 1 ~ ~ .  
The experiments may be divided into three classes: 
(i) Dilute 0 Solutions. One solution of very low concentration 

(0.001-0.004 g ~ m - ~ )  was run for each sample a t  a temperature 
of 125 OC. In addition to  the solutions of protonated polymer 
in deuterated solvent, one sample of deuterated polymer was run 
in deuterated biphenyl. The purpose of this run was to check 
that the many-arm stars were uniformly deuterated. 

(ii) Temperature Effects In Biphenyl-dIo. One 12-arm star 
sample, S12C, was chosen for a study of the change in solution 
properties with temperature near 0. Four concentrations were 
prepared (0.28%, 0.71%, 1.45%, and 1.85% by mass) and mea- 
sured at  five different temperatures straddling the 8 temperature 

biphenyl-dlo 

0.992 - (8.35 X 1O4)(T - 70), 70 < T < 155 "C 

0.867 - (9.54 X 104)(T - 20), 20 < T < 85 "C 

where b, and bo are the coherent scattering lengths1s of a monomer 
unit and a solvent molecule, respectively. We have determined 
/3 for protonated polybutadiene in both biphenyl-hlo and toluene& 
by finding the change in mass of a series of solutions of different 
concentration but constant volume. The results are 
biphenyl-hlo f l  = 0.113 f 0.004 

toluene-h, /3 = 0.147 f 0.007 

To a very good approximation /3 should have the same values for 
the deuterated solvents too. From the known scattering lengths 
of the constituent nuclei we find K to be 

biphenyl-dlo K = 0.0093 mol cm2 g-2 

toluene-d, K = 0.0074 mol cm2 g-' 

At the Flory temperature A, is expected to be very small, so 
the second term on the right of eq 4 can be neglected for dilute 
solutions. Thus, the coherent scattering is directly proportional 
to the single-chain scattering function. For the measurements 
in biphenyl a t  temperatures different from 8 and for the good 
solvent runs, A, is not zero, and P(Q) must be determined from 
a series of concentrations extrapolated to c = 0. The method is 
straightforward; P(Q) is obtained by linear regression of c-l d2-  
(Q)/dQ as a function of c for each value of Q, and Az is found from 
the slope of the plot c-l dZ(O)/dQ vs c. Figure 3 shows a typical 
series of concentrations on a Zimm plot together with the zero- 
concentration extrapolated curve. 

To determine the radius of gyration of the polymer, we fitted 
the experimental P(Q) curves with the Benoit scattering fun~ t ion '~  
for Gaussian star polymers: 

As before with the melt data we found that eq 6 fitted the data 
extremely well, even for the good solvent where Gaussian statistics 
are not applicable. It must be assumed that although the polymers 
change their conformation from the unperturbed state, the ex- 
pansion occurs relatively uniformly throughout the molecule. 

In establishing the best fit we treated the background level as 
an adjustable parameter. We justify this procedure by the fol- 
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Figure 3. Zimm plot of the low-Q scattering from four solutions 
of the sample S12C. The concentrations are (in mg ~ m - ~ )  12.1 
(A), 7.6 ( O ) ,  3.1 (O), 1.4 (O), and extrapolated zero concentration 
(0). 
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Figure  4. Coherent neutron-scattering spectra for the samples 
S2D, S4C, S12C, and S18A in dilute solution in the 8 solvent 
biphenyl-dlo. The continuous curves are least-squares fits to the 
Benoit function, eq 6. 

lowing remarks: (i) The adjustment was typically a few percent 
of the incoherent signal and did not exceed the uncertainty in 
the background level calculated from the measured pure solvent 
scattering. (ii) The best-fit criterion provides a systematic way 
of treating all the polymer samples. The choice of obtaining (P) 
from the best fit with variable background for both the melt and 
solution experiments eliminates the possibility of introducing any 
systematic differences between the two sets of results caused by 
an incorrect background subtraction in one of them. (iii) While 
changing the subtracted background may greatly improve the 
quality of the fit, it has relatively little effect on the values of the 
fitting parameters. 

Figures 4 and 5 show representative fits to some of the 8 
solution and good solvent spectra. With this method we found 
that we could determine the radius of gyration with a precision 
of better than 1 %. However, we found that the values for the 
same sample measured on different visits to the ILL were not 
reproducible to this accuracy. The ratios of the radii of gyration 
of a set of melt samples which we used as standards did remain 
substantially the same. We therefore used these values to scale 
all the results on the same visit by a constant factor; these cor- 
rections were always less than 1.5% of the radius of gyration for 
the samples measured under identical conditions and were no more 
than 5% for the runs with poorer resolution. 

Molecular Masses. With the neutron-scattering spectra 
calibrated in absolute units we were able to estimate the molecular 
masses from the extrapolated zero-Q intensity and the known 
constants K .  In general the SANS values for M, were in good 
agreement with those measured by gel permeation chromatog- 
raphy (GPC) on the original PBD stars. But for the 18-arm star, 
which was measured three times in solution, we obtained M ,  
values nearly twice that of the GPC result. The origin of this 
discrepancy is not understood, and a repeat of the GPC char- 

Q (nm-') 

Figure  5. Benoit function fit to  the extrapolated zero concen- 
tration spectrum of S12C in toluene-d,. 

Table I 
Expansion Factors in  Dilute Solution in Biphenyl-d,, at 

the Temperature 8 
samde ~ ~ 1 0 3  (S2)'/*/nma an meanb an 

linear 
S2A 
S2B 
s 2 c  
S2D 

3 arm 
S3A 
S3B 
s 3 c  
S3E 

4 arm 
S4A 
S4B 
s4c 

12 arm 
S12A 
S12B 
s12c 
S12D 
S12E 

18 arm 
S18A 
DS18Ac 

11.2 4.78 
14.5 5.82 
33.3 8.64 
55.0 10.26 

5.7 3.02 
7.1 3.45 
9.2 3.98 

41.3 7.79 

9.9 4.04 
23.1 6.01 
65.0 9.28 

9.3 3.15 
11.5 3.40 
29.3 4.77 
68.9 6.70 

193.0 10.99 

23.9 4.60 
25.0 4.46 

1.023 
1.016 
1.026 
1.050 

1.006 
1.043 
1.023 
1.018 

1.033 
1.023 
1.023 

1.082 
1.049 
1.056 
1.052 
1.056 

1.073 
1.041 

1.029 (7) 

1.023 (7) 

1.026 (3) 

1.059 (5) 

1.073 (3) 

'The fitting error on (S2)'l2 is typically 0.5%. *The error in the 
mean, quoted in parentheses, corresponds to the scatter of the ag 
values, except sample S18A, for which the error was estimated 
from the fitting error on the radii of gyration. Deuterated 18-arm 
star. 

acterization on the saturated molecule confirmed the original 
measurement. In this paper we have used the same molecular 
masses as in the melt paper, namely, the GPC masses. 

Results and Discussion 
Dilute 8 Solutions. In Table I we list the resul ts  for  

the radii of gyration measured at the Flory temperature. 
We assume that the swelling observed in the molten state 
is archi tectural  i n  origin and is therefore  present to the 
same degree i n  solution. Since the sizes of branched 
polymers i n  solution are influenced b y  both excluded 
volume and structural effects, the g parameter introduced 
in eq 1 is not a useful one for the comparison of the present 
results with excluded-volume theories. Accordingly, we 
define t h e  expansion factor, a,, b y  

f f , 2  = (S2)/(S2), (7) 

where ( S 2 )  is the mean-squared radius of gyration i n  the 
solution, and ( S 2 ) ,  is the corresponding quant i ty  i n  the 
melt. It is clear f rom the table that the polymers are 
expanded with respect to the molten state and that a, 
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increases with the degree of branching but does not seem 
to depend on molecular mass. Two-parameter theory 
cannot account for this “anomalous” 0 expansion, and to 
gain some insight into the possible origins of the effect we 
must consider theories that include a third parameter. 

The simplest calculations of a, are mean-field theories 
based upon the smoothed density model, in which the local 
segment density at  a particular point is taken to be the 
same as the average segment density at  that distance from 
the center of mass. The distribution of segments about 
the center of mass is assumed Gaussian. Orofino and 
Flory20 modified the smoothed density model calculation 
of cys by retaining a term cubic in concentration in the free 
energy of the solution. This term may be interpreted as 
being due to three-body interactions between the polymer 
segments. Candau et a1.21 applied the same procedure to 
star polymers and deduced the result 
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where A is a constant independent of temperature, func- 
tionality, and molecular mass. 

A second three-parameter theory was developed later 
by Vrij.22 This time the third parameter arises from the 
change in the mean segment density over the nonzero 
range of the segment-segment potential. The theory of 
Vrij was extended to the case of star polymers by Casassa= 
and predicts the 0 expansion to be 

- = B/(M112g,5/2) (9) 

where, once again, the constant B is independent of T, f, 
and M .  

It  is clear from Table I that the experimental data are 
not consistent with the theory of Vrij and Casassa, because 
no dependence of as on molecular mass is observed. The 
expression of Candau et  al. is independent of molecular 
mass but has been criticized” because it gives an incorrect 
scaling dependence on f. The scaling theories developed 
by Daoud and Cotton25 and by Birshtein and Z h ~ l i n a ~ ~  
show that for large f we must have 

- f1I4 (10) 

whereas eq 8 gives ae, - PIs. The reason for this dis- 
crepancy is that Candau e t  al. have used the elastic free 
energy of a linear chain rather than that of a star to 
calculate the expansion factor. 

To include the elastic free energy of a star, we must find 
an expression appropriate to star molecules for P(S) ,  the 
probability distribution function for the radius of gyration. 
We follow a similar approach to that of Flory and Fisk26 
and choose the closed form 

The distribution function (11) can be made to have the 
same second and fourth moments as the exact moments 
for a Gaussian starz7 if G is given by 

(12) 

Equations 11 and 12 reduce to the Flory-Fisk distribution 
for linear chains when f = 1 or 2, as required. 

If the modified P(S)  is used in the mean-field calcula- 
tion, then the expansion factor is given by 

G = (15f - 14)/(3f - 2)’ 

where z is the conventional excluded-volume parameter. 

I 
1 0 0 1  I I I 

0 5 10 15 20 

G/(g.’&) 
Figure 6. Mean 8 expansion factors for the five different star 
functionalities, plotted according to the three-parameter theory 
from which eq 15 was derived. The value C = 0.15 & 0.02 is 
obtained for the third parameter from the gradient and intercept 
of the straight line. The broken curve is the theory of Candau 
et al., eq 8, fitted to the data and plotted on the same axes. 

The constant A (the same as in eq 8) is related to Orofino 
and Flory’s third parameter, C = (lI3) - xz, by 

where v is the polymer partial specific volume and uo is 
the molecular volume of the solvent. The value of the 
coefficient of z in eq 13 is about 20% lower than the exact 
result calculated from first-order perturbation thee# but 
has the correct f dependence a t  large f .  A t  the 0 tem- 
perature ( z  = 01, eq 13 gives the relation 

(15) 

which leads to a slower expansion with f than is predicted 
by the equation of Candau et al.; ae8 now has the correct 
f1I4 scaling form a t  large f. 

To test eq 15, we plot y = ae; against x = G/(go3ye,’j). 
If the relation in (15) holds, then we should obtain a 
straight line y = mx + c,  with m = 2A/7  and c = 1. The 
experimental values are shown in Figure 6, and, within the 
limitations of the data, the points do lie on a straight line. 
The experimental gradient and intercept are m, = 0.0081 
f 0.0011, and co = 1.045 f 0.008. 

However, according to eq 15 the intercept c is not a 
variable and must be unity. Since the melts and 0 solu- 
tions were run at  different temperatures, we would expect 
the ae values to include a multiplicative factor originating 
from the different thermal populations of trans and gauche 
bonds along the backboneeZ8 The plot in Figure 6 remains 
a straight-line relation when each value is multiplied 
by a constant, so if we take this constant to be co-1/2 = 
0.978, then c has the required value of unity, and the slope 
becomes m = mo/co4. This reduction of the ae, values by 
2.2% is consistent within experimental error with the 
accepted temperature variation of the unperturbed di- 
mensions of polyethylene.m Equating mo/co4 to 2A/7 gives 

A = 0.024 f 0.004 

If the physical constants V = 1.31 cm3 g-l, uo = 2.70 X 
cm3 (at 125 “C), and (Sz)e,lin = (0.195 f 0.008) X 

10-16Mw cm2 (deduced from the five linear samples a t  the 
8 temperature), together with the above value of A, are 
inserted into eq 14, then the value of the third parameter 
is 

C = 0.15 f 0.02 (16) 
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Figure 7. Temperature dependence of the second virial coef- 
ficient of the 12-arm star S12C. The temperature at which A2 
vanishes is clearly below 8. The continuous curve was obtained 
by fitting eq 18 to the experimental data with e A z  fixed at 112 
"C. 

Finally, with reference to the sample of deuterated S18A 
run at the 0 temperature we remark that the radius of 
gyration differs from the protonated sample by only 3%. 
We conclude that any nonuniformity of the deuteration 
within the molecule is very small and note that if the 
outside of the star were more heavily labeled than the 
inside, then the apparent melt size would be larger than 
the actual size. Correction for this effect would yield 
slightly increased expansion factors for the many-arm 
stars. 

Measurements in Biphenyl as a Function of Tem- 
perature. The second virial coefficients for the 12-arm 
star S12C are shown in Figure 7 as a function of temper- 
ature. Over the same range of temperature the variation 
in radius of gyration was less than 0.2 nm. 

The temperature a t  which A2 vanishes is significantly 
lower than 0, in accord with the earlier experiments on 
stars: 

0~~ = 112.0 f 0.5 "C (17) 

Both of the three-parameter approaches discussed in the 
preceding section have been used to derive expressions for 
A2(2'). The order 0 < eA2 arises from the theory of Vrij, 
and this is clearly a t  variance with all the experimental 
results. The theory of Orofino and Flory, on the other 
hand, yields the equation 

in which 

a02 = (S2)/(S2)0 (19c) 
(S2)o being the mean-squared radius of gyration for an 
unperturbed, random-walk chain. I t  follows from eq 19 
that 8 and @A2 are related by 

Equation 20 implies the order 8 A ,  C 8, if C is positive. 
When the values of 8, 8 A 2 ,  the radius of gyration, and the 

Table I1 
Expansion Factors and Second Virial Coefficients 

Measured in Toluene-d,, 
sample % 104A2/mol cm3 g-2 

linear 
S2A 1.11 16.0" 
S2B 1.09 14.5 
s2c 1.13 11.8 
S2D 1.11 10.0 
S2E 1.24 9.4 

S3A 1.15 20.0 

S4A 1.10 12.7 
S4B 1.10 11.3 
s 4 c  1.15 9.0 

S12A 1.09 10.2 
S12B 1.06 11.7 
s12c 1.14 8.3 
S12D 1.20 7.1 
S12E 1.32 4.6 

S18A 1.16 8.5 

3 arm 

4 arm 

12 arm 

18 arm 

"We estimate the uncertainty in the values of A2 to be about 
10%. 

molecular mass of S12C are inserted into eq 20, the third 
parameter is found to be 

C = (0.31 f 0.03)\k (21) 
In the mean-field theory the entropy parameter \k is 

independent of branching and appears both in the ex- 
pressions for A,( 2') and for the phase curves, eq 3. How- 
ever, it  has been o b ~ e r v e d ' ~ * ~ ~  with the polystyrene/cy- 
clohexane system that the experimental values of \E de- 
rived from each of these measurements are rather different. 
I t  is consistent with the present analysis to take 9 from 
the A 2 ( n  measurements, and the continuous curve 
through the points in Figure 7 is a fit of eq 18 to the data 
with 8 A z  fixed at  the result (17). The value of \k from this 
fit is 

\k = 0.55 f 0.05 (22) 
(This differs considerably from the value of 1.19 from the 
phase measurements and so confirms the earlier observa- 
tions.) The combination of results (21) and (22) gives for 
the third parameter 

C = 0.17 f 0.02 (23) 
The good agreement between the values in (16) and (23) 
indicates a consistency between the intra- and intermo- 
lecular theories, which provides strong evidence for a 
ternary interaction model. 

Good Solvent Results. The expansion factors and 
second virial coefficients measured in toluene-d8 are listed 
in Table 11. We note first of all that there is a tendency 
for the many-arm stars to be more swollen and to have a 
smaller second virial coefficient than linear samples of the 
same mass. These general observations are in qualitative 
agreement with two-parameter theory. 

One of the fundamental aspects of two-parameter theory 
is that the excluded volume parameter contains no de- 
pendence upon the polymer architecture, so should be 
equal for all molecules of a given mass. Specifically, z is 
proportional to the square root of the mass: 

= kM'/2 (24) 
A good test of theory is to calculate z from a measured 
quantity and check for the dependence on molecular mass. 

There are many possible versions of the two-parameter 
theory that might be tested in this way. We choose only 
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Figure 8. Test of the molecular mass dependence of the ex- 
pansion factor of the molecules in the good solvent toluene-de. 
The symbols are as follows: f = 2 (XI,  f = 3 (A), f = 4 (D), f = 
12 (a) ,  f = 18 (0). The plot assumes the two-parameter result, 
eq 24, and shows that there is uniform mixing of points for all 
functionalities and that the scatter is consistent with the pro- 
portionality predicted by the smoothed density model. From the 
linear fit we deduce that the excluded-volume parameter z = 
(0.0015 f 0.0004)M1/2. 

one, the smoothed density model, because the data are not 
precise enough to resolve the subtle differences between 
all the theories and because when modified to agree with 
first-order perturbation theory at small excluded volume 
this theory has been very successful in describing linear 
polymers in dilute solution. The smoothed density model 
results for cys and A2 for star polymers are 

CY: - as3 = Kfz (25) 

where Kf and Cf are the first-order perturbation theory 
coefficients for stars.4 Equation 25 is numerically very 
similar to eq 13 if only the two-body term is retained in 
the latter. 

In Figure 8 the measured expansion factors have been 
plotted to test eq 25. Once again the plot remains linear 
when each value of cys is multiplied by a constant factor. 
Although the points are too scattered to establish eq 25 
unequivocally, there are no obvious trends with function- 
ality, and the data are consistent with a linear relationship. 
A linear regression fit gives a value for 12 in eq 24, inde- 
pendent of branching, of 

k = 0.0015 f 0.0004 g-'l2 (27) 

Before carrying out a similar analysis for the second 
virial coefficient we may note that the definition o f f ,  eq 
19b, involves cyos (the swelling relative to the random-walk 
size) rather than cys (the swelling relative to the melt size) 
as was used in the expression for the expansion factor, eq 
7. This is appropriate because the mean-field calculation 
of A2 assumes a monomer distribution derived from the 
random-walk model, whereas the molecules in the present 
study are swollen in comparison to random-walk stars. 
Following the precedent of earlier investigators: we have 
applied the same closed form for A, to our swollen poly- 
mers but replaced the random-walk radius of gyration by 
the measured radius of gyration. Physically this corre- 
sponds to the assumption that the molecules are expanded 
uniformly from the random-walk state. 

In Figure 9 we plot the values of z derived by means of 
eq 26 from the experimental data for A2 and (S2) and the 
calculated random-walk sizes. Once again the relationship 

I 

0 100 200 300 400 500 
0.0 I/ I I I 

Mw1/2 (p 
Figure 9. Molecular mass dependence of z derived from the 
measured second virial coefficients in toluene-d8 by means of the 
smoothed density model result, eq 25. The functionalities are 
uniformly distributed, and the points are consistent with a straight 
line through the origin. From the gradient of the fit we find z 
= (0.0015 * 0.0002)iW/2. The symbols are as in Figure 8. 
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I n (  1 + r )  
Figure 10. Test of the correlation between the intra- and in- 
termolecular smoothed density model results as determined by 
the measured expansion factors and radii of gyration of the linear 
and star polymers. The straight line has gradient unity, as 
predicted by eq 28, and once again there is a uniform mixing of 
functionalities. The symbols are as in Figure 8. 

is independent of functionality and consistent with z being 
proportional to 

k = 0.0015 f 0.0002 mol1i2 g-'I2 (28) 

This is in good agreement with the k value derived from 
the expansion factor measurements. 

A good model for polymers in solution must be able to 
describe both inter- and intramolecular interactions si- 
multaneously. The results (27) and (28) indicate that the 
smoothed density model is complete in this way. However, 
we can illustrate more directly the self-consistency of the 
inter- and intramolecular results by eliminating the phe- 
nomenological parameter z and expressing A2 directly in 
terms of cy,. The amalgamation of eq 25 and 26 yields 

y = In (1 + r )  (29) 

From the straight line 

where we have defined the dimensionless quantities 

dPgO3/ CfA 
2 ? r 3 / 2 N ~ ( s 2 ) 3 / 2  Y =  

( 2Cf 
Kf 

r = -(cy: - 1) - 

In Figure 10 we plot y against In (1 + r) ,  which according 
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to the smoothed density model should be a straight line 
of gradient unity passing through the origin for all func- 
tionalities. Within the scatter of the data this prediction 
is confirmed. 

We have also tried to compare our good solvent data 
with the recent renormalization group (RG) theory calcu- 
lations of Douglas and Freed.30 These authors have 
identified three representations of RG theory for polymers. 
One is in terms of a “natural” crossover scaling variable 
7, and the other two are in terms of a new crossover var- 
iable which reduces to the excluded volume parameter Z 
of traditional two-parameter theory in the limit of small 
excluded volume. The latter two representations differ 
in that the first-order coefficients are derived respectively 
from first-order RG theory and from traditional pertur- 
bation theory. We find, however, that there is a discrep- 
ancy between the coefficients in these two representations 
that becomes steadily worse as the number of arms in- 
creases. Also, the excluded volume limiting ratios g*, y*, 
and gA: (the ratio of the A2 values of a star and a linear 
molecule) predicted by the three representations are in 
serious disagreement for large f .  It  is likely that the neglect 
of higher order terms in the expansion is responsible for 
these differences. 

Thus, it is not clear which of the RG theory repre- 
sentations is the most appropriate for star polymers, and 
when we made plots equivalent to Figures 8-10 we usually 
found that the data did not fit onto universal curves. We 
conclude that first-order RG theory is not sufficiently 
accurate to describe the statistics of star polymers and that 
calculations must be taken to higher orders to bring the 
three representations into line. 

Conclusions 
We can summarize the findings of this work as follows: 
A t  the 0 temperature the behavior of star polymers in 

dilute solution can be described by a three-parameter 
theory based on the smoothed density model in which the 
third parameter corresponds to ternary interactions be- 
tween the segments. 

In good solvents the traditional two-parameter models 
are sufficient to explain the experimental results. 

Care must be taken when the theories are applied to 
cases where the molecules are affected by factors of 
structural origin. The excluded-volume expansion must 
be referred to the melt size and not to the theoretical 
unperturbed size calculated from the size-mass relation- 
ship for linear polymers. 
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